On compactness in the Tmdinger-Moser 

inequality 



Adimurthi 



Kyril Tintarev 



TIFR CAM 



Uppsala University 



Sharadanagar, P.B. 6503 
Bangalore 560065, India 
aditi@math.tifrbng.res.in 



SE-751 06 Uppsala, Sweden 
kyril.tintarev@math.uu.se 



P.O.Box 480 



Abstract 



We show that Moser functional J{u) = ^e^™ — ij dx, on the 

set B = {u e Hq{Q) : ||Vn||2 < 1}, where C is a bounded 
domain, fails to be weakly continuous only in the following exceptional 
case. Define gsw{r) = s~2w{r^), s > 0. If Uk ^ u in B while 
liminf J(nfc) > J{u), then, with some Sfc 0, 



up to translations and up to a remainder vanishig in the Sobolev 
norm. In other words, the weak continuity fails only on translations 
of concentrating Moser functions. The proof is based on a profile 
decomposition similar to that of Solimini [16] . but with different 
concentration operators, pertinent to the two-dimensional case. 
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1 Introduction 



The purpose of this paper is to study weak continuity properties in 
the Trudinger-Moser inequahty at the same level of detail as the better 
understood weak continuity properties of the critical nonlinearity in higher 
dimensions. We draw comparison between the Sobolev inequality that defines 
the continuous imbedding > L^*, p* = ^f^-, when N > p, and the 

Trudinger-Moser inequality (see Yudovich [22], Peetre [H], Pohozhaev [T5] . 
Trudinger [21] and Moser [13]): where 



where Q C is a bounded domain, A^' = -^zj^ o^n = is the 

optimal constant (due to Moser [I3]), and un-i is the area of the unit A^ — 1- 
dimensional sphere. Using the notation \\u\\q for the L'^-norm of u, we fix 
the norm of Wq'"' as II VuIIat. a ball in R-'^ of radius R centered at y will be 
denoted Bji[y), abbreviated to B^i when y = 0, and to B if y = and R = 1. 
We will refer to the functional 



as Moser functional. Analogs of Trudinger-Moser inequality has been 
established for more general Sobolev spaces by Adams ( [1] , the case of higher 
derivatives), and by Fusco, Lions and Sbordone ([H], a weighted version of the 
Trudinger-Moser inequality which allows nonlinearities of very high growth). 
Imbeddings V^'P{R^) ^ W*, p < N, and Wq'^{B) ^ expL^', defined, 
respectively, by Sobolev and Trudinger-Moser inequalities, are optimal when 
the target space in the class of Orlicz spaces. Further refinement of these 
imbeddings is possible, however, in the larger class of rearrangement-invariant 
spaces, where the correspondent Orlicz spaces can be identified on the 
scales of Lorentz, resp. Lorentz-Zygmund, spaces as = L^*'^*, resp. 
exp = /,oO'°o;-i/^. Por further details we refer the reader to Appendix A. 

It is well known that the critical Sobolev nonlinearity Jj^jv dx. lacks 
weak continuity in V^'P(R^) at any point u (consider any sequence of the 

N-p 

form Mfc(x) = u{x) + k p w{kx), w 7^ 0, /c — oo, and apply Brezis-Lieb 




(1.1) 




(1.2) 



2 



lemma). In contrast to that, according to the result of Lions, Theorem 1.6 in 
([12], Moser functional on B is weakly continuous at any point except zero, 
and it is also weakly continuous on every sequence in B that converges weakly 
to zero, unless || Vufc||Ar — j- 1 and Uk has exactly one point of concentration. 

In restriction to radially symmetric functions, the result of Lions can be 
further refined by using calculations from the paper [13] of Moser, which 
allow to infer that Moser functional on B lacks weak continuity only (up 
to a remainder vanishing in Wq''^) on a sequence of Moser functions (11. 3p . 
concentrating at the origin. We reproduce these calculations in Appendix B. 

This indicates that, even without the assumption of radial symmetry, 
the class of sequences on which the Moser functional fails to be weakly 
continuous, may be characterized not just by the mere property of 
concentration at one point, but by a specific asymptotic behavior. The 
main result of this paper, proved here for the case = p = 2, is that 
this class consists of the same sequences as in the radial case, but subjected 
to arbitrary translations. This is consistent with the observation made here 
that the concentrating sequences that does not vanish in the exp L^-norm are 
always asymptotically radial, in contrast with the case N > 2, where a typical 
example of a concentrating sequence is Uk{x) = k^~w{kx) with an arbitrary 
function w. Note that the analogous sequence for N = 2, Uk{x) = w{kx), 
vanishes in expL^ and thus is not relevant. 

In order to define concentration that describes, for sequences bounded 
in the ifg-norm, the defect of convergence in the exp L^-norm, we prove 
a suitable profile decomposition, similar to the decomposition in [1] for 
the radial case. Our starting point (we do not survey here a vast earlier 
literature where profile decompositions are established under substantial 
additional assumptions, typically, for critical sequences for elliptic variational 
problems, mentioning only the pioneering work of Struwe [IB])is the 
profile decomposition due to Solimini [16] (a similar decomposition was 
independently proved by Gerard [9] and extended to more general spaces 
by Jaffard [10], as well as by one of the authors of this paper) expresses a 
subsequence of an arbitrary bounded sequence in the Sobolev space V^'^iM^), 

N-p 

N > p, a.s an asymptotic sum whose terms have the form w{tkx), with a 
remainder vanishing in L^*. In the paper [T2j (elaborated in [20]) existence 
of profile decomposition was proved, for the general Hilbert space equipped 
with a group (subject to some general conditions) of unitary operators. This 
in turn gave rise to the notion of cocompact imbedding of Banach spaces 



3 



X y, which is, roughly speaking, amounts to the vanishing in the norm 
of Y of the remainder of the profile decomposition in X. The functional- 
analytic profile decomposition prompted us to define operators that could 
play the role of Solimini's "rescalings" , with the remainder in the profile 
decomposition vanishing in expL^. In [1], dealing with the subspace of 
radial functions of Wq'^{B), pertinent rescalings are given by fl3.18p . In 
this paper we have adopted an extension of the unitary operators (13.181) for 
the case = 2 to isomertires fl2.15p on the whole space Wo'\B). These 
isometries are no longer surjective, defined only for the integer value of the 
parameter, and while the operators flS.lSp form a group, the set of operators 
fl2.15p is only a semigroup. On the other hand, it is exactly the absence of 
surjectivity that yields at the end a profile decomposition with only radial 
profiles. 

The results of the paper are as follows. In order to establish the 
structure of the exceptional sequences for Moser functional, we employ a 
straightforward adaptation. Theorem 12. 2[ of the functional-analytic profile 
decomposition theorem from [20]. Theorem 12.51 is an application of 
Theorem 12. 21 to the Sobolev space Hq{B) equipped with the semigroup fl2.15p . 
In Theorem 12.61 we verify that the remainder of the profile decomposition 
vanishes in the expL^-norm (which is an equivalent quasinorm of 
or in other words, that the imbedding Hq{B) /,°0'°°;-i/2 jg cocompact. 
Combining this and the optimal imbedding Hq{B) one gets by the 

Holder inequality that the imbedding Hq(B) L°°'9'~i/'3-i/2 jg cocompact 
for any q > 2. By analogy with Solimini's counterexample on p. 333 of [16], we 
also show that the optimal imbedding Hq{B) ^ /,°°'2;-i jg ^ot cocompact. 
The main result of the paper is as follows. 

Theorem 1.1. Let Q G M."^ be a bounded domain, and let J be the Moser 
functional (11.21) . If G Hq{Q) is such that ||Vufc||2 < 1, u, and 

liminf J(Mfc) > J{u), then there is a sequence ^ ^ one? a sequence 
Sk G (0, 1) such that Uk — f^sui' " Cfc) in the H^-norm, where 

m,(r) {ujM^.r^ \og{l/s)w min {{^^|^, l} , ^, ^ e (0, 1). (1.3) 

The functions (11.30 were used by Moser in [13] to prove optimality of the 
constant in (II. ip . and are usually called Moser functions. 

Profile decompositions. Theorem 12.21 and Theorem 12.51 are proved in 
Section 2. The proofs of Theorem 12.61 and of Theorem 11.11 are given in 
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Section 3. Appendix A provides some background material on imbeddings 
of Sobolev spaces into Lorentz and Lorentz-Zygmund spaces and Appendix 
B summarizes properties of Moser functional in the radial case. 

One of the authors (K.T.) thanks Michael Cwikel, Lubos Pick and 
Yevgeniy Pustylnik for discussions in connection to Apendix A, and Sergio 
Solimini for enlightening comments about profile decompositions. 

2 Profile decomposition in 

We give below a definition of isometric dislocations, which extends the 
definition of dislocation operators from [20] to the case of non-surjective 
isometries. 

Definition 2.1. Let H he a separable infinite- dimensional Hilhert space and 
let Hr he its closed suhspace. A set D of isometric linear operators from 
H ^ Hr is a set of isometric dislocations if, whenever Uk G H and Qk, 
hk e D, 

QkUk 0, hkgl 7^ ^ 3{%} c N, hk^Uk^ 0. (2.1) 

One says that a sequence Uk is D-weakly convergent to zero if for every 
sequence gk e D, gkUk 0. 

Note that we deviate in this section from the notations in [20] by 
interchanging the operator set D and the set of adjoints D* = {g* : g G D}. 
This interchange is important for coherence with the applications in this 
paper, while it is of no significance for the applications studied in [20] , or for 
most typical applications elsewhere when D is a group of unitary operators, 
and therefore D* = D. 

Theorem 2.2. Let Hi be a separable infinite- dimensional Hilbert space with 
a closed subspace Hq and a set of isometric dislocations D : Hq ^ Hi. If 
Uk E Hq is a bounded sequence and Uk 0, then there exists a set Nq C 
yj{n) g ^ g D gW ^ ^^^/^ k e N and n G No, such that for a 
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renumbered subsequence, 



«;(") = w-lim g^^\k, (2.2) 

gt'^gt^* -Qforn^m, (2.3) 

^ < limsup||Mfcf , (2.4) 

nGNo 



E ^i"^ -^"^ " 0' (2-5) 



neNo 



where the series XlneNo S'i"^ ^''"^ converges uniformly in k. 

Proof. The proof is an elementary modification of the proof of Theorem 3.1 
from [20] and we give it in an abbreviated form. 

1. One shows first that (12.41) follows from (12. 2p and (12. 3p . The proof of 
this step is analogous to that in [20] and can be omitted. 

2. Observe that if Uk 0, the theorem is verified with Nq = 0. If not so, 
consider the expressions of the form 

w^^^ =: w-lim g^\k- (2.6) 

Since we assume that Uk does not converge D-weakly to zero, there exists 
necessarily a renumbered sequence g'j}^ that yields a non-zero limit in (12. 6p . 
Let 

(1) (1)* (1) 
vl' =Uk- gl' >, 

and observe, by (12.61) . that 

9^^v^^ = 9^^'nk - ^« - 0. (2.7) 

If v^j^^ 0, the theorem is verified with No = {!}. If not - we repeat the 
argument above - there exist, necessarily, a sequence g^^^ G D and a w^^-* 7^ 
such that, on a renumbered subsequence, 

(2) (1) . (2) 

Let us set 

(2) (1) (2)* (2) 

Then we will have an obvious analog of (12.71) : 

(2) (2) (2) (1) (2) , n M o\ 

9k % = gl 'vl ' -w^> ^0. (2.8) 
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If we assume that 
then by (ESD, 



(1) (2)* / n 



which, due to (12. 7p . yields 

9'^'9rn^^'' - 0. (2.9) 

We now use (12.11) again to replace in (12. 9p g^^^ with g^^\ which results in 

^ 0, (2.10) 

which cannot be true since we assumed w^'^^ ^ 0. This contradiction implies 
that 

(1) (2)* , n 
9191 ^0- 

Since for bounded sequences of operators A^. ^ implies ^ 0, we also 
have 

(2) (1)* , n 
9V9V ^0- 

Recursively we define: 

(n) (n-l) (n)* (n) (1)* (1) (n)* („) /o i i \ 

v\':=vl ' - gl ' > = Uk- gl' w"- > gl w"- >, (2.11) 

where 

(n) r (n) (n-l) 

' = w-hm gl. 'v^ , 

calculated on a successively renumbered subsequence. We subordinate the 
choice of and thus extraction of this subsequence for every given n to 
the following requirements. For every G N we set 

Wn = {weH,\ {0} : 3g, G D, {k^} C N : - w}, 



and 



tn = sup \\w\ 

weWn 



If for some n, t„ = 0, the theorem is proved. Otherwise, like in [20] we choose 
a G VTn such that 

>it„ (2.12) 
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and the sequence gl^~^^^ is chosen so that on a subsequence that we renumber, 

^{n+l)^(n) _ ^2.13) 

An argument analogous to the one brought above for n = 1,2 shows that 

dk'^dle^ ~^ whenever p ^ q,p, q < n. (2-14) 

This allows to deduce immediately (12. 2p from f l2.13p . 

3. Similarly to [20] one derives that tn ^ from which subsequently 
follows the asymptotics (12. 5p . The convergence of the series (I2.5p . like in [20] , 
is a modification of Plancherel formula that reqires to extract a sufficiently 
rarefied subsequence of Uk to assure sufficient approximation of orthogonality 
by the asymptotically orthogonal terms w^'^\ □ 

From now on we assume, without loss of generality that Q C Bi. This 
restriction is not substantial and can be removed by linear rescaling, since, 
if we denote the Moser function subordinated to an annulus t < r < R as 

{ 

ml , an easy computation shows that, for any R > 0, 

lini||V(mJ^^ -mt)\\2 0. 

Let us now specify Hi, Hq and D as follows: Hi = H^{B), Hq = Hq{Q), 
and 

D = {gj,cu{z) = j-in(C + z^), C G 0, j G N}. (2.15) 

Here and in what follows, the expression stays for the power of the complex 
number representing a point in 2 G M^, and translations of functions Hq{Q) 
are understood, using extension by zero, as elements of Hq{B). 

We have the following obvious property of the asymptotic profiles (12.21) . 

Remark 2.3. // the sequences Uk G Hq{Q), jk G N, and G are such 
that gjf.,(k'^k w, jk oo and Zk — J- Zq, then w is radially symmetric. 

There is also an obvious analytic form of (12.30 . 

Lemma 2.4. Let D he the set of operators as above. Two sequences, 
{g.w (i)}fc C D and {0.(2) m]k C D, with j^^^ 00 and j^^^ 00, satisfy 

■Jk '^k Jk '^k 

gA2) ^(2)g% (1) ^ 
Jk '^k Jk '^k 



if and only if 



inf \z^^^ — z^^^l > or \ logj^.^-* — logj^^''| — > oo. (2-16) 

k 



This allows to express Theorem 12.21 for our particuar choice of Hi , Hq 
and D as follows. 

Theorem 2.5. Let C -Bi C and let Uk ^ be a sequence in Hq(^1). 

There exist jj^^ G N, linifc^oo jI"'* = oo, and z^^^ G Cl, limfc^oo^i"^ = -Zn G fi, 
A; G N, n G N, such that for a renumbered subsequence, 

— 1 /2 

m; ( I ^ I ) = w;- /zm ) (4"^ + 2''^"' ) , (2.17) 

Zm Zn or\ logjl™"* — log — )■ OO whcnevcr n ^ m, (2.18) 

/ iVw^^^l^dx < limsup / |VMfc|^dx, (2.19) 

«.-E^t^'^'^^"Hk-^nr/^-'')^0, (2.20) 

and the series J^n^N^k^'^ ^ w^"'\\z — z^S^I^^^ ') converges in Hq{B) uniformly 
in k. 

We note also that for any radially symmetric function w G Hq{B)), the 
sequence gj,iCw = j2w{\z — is dependent on ( continuously in Hq{B) and 
uniformly in j G N, so in the asymptotic expansion f l2.20p we could replace 

We complement this profile decomposition by the statement below, which 
identifies the convergence of the remainder in (12.201) in as convergence in the 
Banach space exp . 

Theorem 2.6. Let Q C Bi, and let D be the set (12.151) . // a sequence 
Uk G HI{VL) is D-weakly convergent to zero, then — m expL^. In 
particular, for any A > 0, (^e^"i - l) dx ^ 0. 

Note that the restriction Q G Bi is not substantial and this statement 

2 

can be restaed for any bounded domain by linear rescaling. 

Before we prove the theorem, we state a corollary and a counterexample. 
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Corollary 2.7. Let Q C Bi. If a sequence G HliVt) is D -weakly 
convergent to zero, then, for every q G (2, oo], it converges to zero in the 
Lorentz-Zygmund space JJ^^i'-^li-^l'^ , 

This easily follows from the embedding Hq{B) ^ 2,°°.2;-i qt^(\ 
interpolation by Holder inequality between L°°'^'~^ and /,°°'°°;-i/2 = expL^. 

Remark 2.8. By analogy with the counterexample given by Solimini fTSjj that 
remainder in his profile decomposition does not necessarily converge in the 
sense of LP''^, we can show that Corollary \2. 7| does not extend to the endpoint 
case q = 2. Our construction of the sequence is analogous to Solimini' s. 
Let V e C^((e-^e-2)), v ^ 0, let w{x) = v{\x\) and let 

k 

Wk = k-^'^ 92^fiW, keN. (2.21) 
i=i 

Let us show that, for an arbitrary sequence jk oo and (k G Q, one has 
9h,CkWk 0. 

By the standard density argument, it suffices to prove that J gjk,c_j,Wk'4' — >■ 
for each ip G L'^{B). Indeed, since the supports for the individual terms in 
the sum defining Wk remain disjoint under the action of gj^^^c^^^, 

dhXkWki' j < \\gj,,CkWk\Wh, 

and an elementary computation shows that 

\\9jk,Ck^kh < W^kWl < k~^\\w\\l 0. 

Observe now that the terms in the sum in fl2.2ip have disjoint supports, which 
implies that ||Vu;fc||2 = ||Vu;||2- Therefore we have a bounded sequence in 
Hq{B) which converges D -weakly to zero. However, an analogous calculation 
also gives that 



J r2(logi)2 J r2(logi^2- V • ; 

Note that ^,2^Yog j-)^ ^ decreasing function on the support ofwk, which implies 
that 



2. 1,2 ^ / 2n ' ^ C\\wk\\U^.,.,,., (2.23) 
and thus Wk does not converge to zero in /,°°>2;-i/2^ 
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3 Proofs of Theorem 



2.6 



and Theorem 



1.1 



The proof of Theorem 12.61 is based on the following five lemmas. None 
of the lemmas, except, possibly. Lemma 13. 5[ is a new result, but we have 
inlcuded them for the sake of completeness of the presentation. We recall 
that the expression , j G N, refers to a power of the complex number z 
representing a point in M^, the set of operatos D is defined by f l2.15p . and 
D-weak convergence is defined in Definition 12.11 

We start with the following elementary statement. 

Lemma 3.1. Let Cl G B. If Uk G Hq{Q) and Uk ^ 0, then gjf.,(^Uk 
whenever j I: G N, Cfc ^ B. 

Proof. For Cfc G the assertion follows directly from the definition of 
D-weak convergence. For ^ B \ Cl, note that Uk ^ implies 
Uk ^ and that operators (y'jj.,^. map any sequence Uk 0, such that 
inffc dist(Cfc, supp Uk) > to a sequence that weakly converges to zero. Finally, 
the case dist(Cfc, supp Uk) — )■ can be easily reduced by a continuity argument 
to the case Cfe G il. □ 

Let us introduce the averaging operator 



Lemma 3.2. LetUk G HQiVL), Q G B. Ifuk andr^ i 0, then A^-^Uk 0. 

Proof. Without loss of generality, assume that > 0. It suffices to verify 
that for each nonnegative ip G Cq(-B) and for each sequence jk G N, Cfc ^ ^, 



J Briz) 




Br{z) 



u{QdE_drj. 




Then we have 




(3.1) 
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With suitable G 5 one can estimate the last expression by 

B J B 

Since ^ 0, the right hand side converges to zero by Lemma [3. 1[ □ 

Lemma 3.3. Let Cl G B. There exists C > such that for every w G 
extended by zero to M^, and for every small r > 0, 

I — '|5 

\Arw{z')\ > \Arw{z)\ - C\\w y^ , z, z' G B. (3.2) 

X 2 

Proof. From the definition of the averaging operator Ar, by the Cauchy 
inequality, and denoting symmetric difference of sets, {A U B) \ [A (1 B) 
as A A B,we have 

\Arw{z') - Arw{z)\ < Cr'^ / \w\dxdy < Cr~^\\w\\2^y\Br{z') A Br{z) 

J Br-(z')ABr-(z) 



< C||w||2r \/ r\z — z'\ = C\w\ 



\z — z \-i 

I2 3 



f 2 

from which (13.21) is immediate. □ 
In what follows w* denotes the symmetric decreasing rearrangement of 

w. 

Lemma 3.4. Let Uk he a hounded sequence in Hq{Q). If for every jk G N, 
the sequence gj^fiu\ converges to zero in measure, then Uk in expL^. 

Proof. Since convergence in measure, for sequences bounded in Hq{B), 
implies weak convergence in H^iB), it follows from identity f lgTTQj) that 

[ Vm,-,, ■ V< = [ Vme-i ■ Vg,,,oul ^ 0, (3.3) 
Jb J b 

The set of isometries {fi'j,o}j6N; once their domain is restricted to the radial 
subspace Hq^{B), becomes a subset of the multiplicative group of isometries 
{hs}s>o defined by (13.181) . This group has the following, easily verifiable, 
property: if Sk is a bounded sequence and Vk ^ in Hqj,{B), then hsf.Vk 0. 



12 



Then it follows from f l3.3p that for any sequence G (0, e ^) (with G N 
chosen so that < log - — jfc < 1), 



rk 



Vrrir^ ■ Vul 0. (3.4) 

B 

Then taking into account (I3.15P and (13.161) . we conclude that 

sup — ~^ 0. 

re(0,e-i) (log-)2 

Moreover, by the compactness in the one-dimensional Morrey imbedding, we 
also have 

sup \ ^ 0. 

rG[e-M) (l + logi)2 

Combining two last relations we arrive at 

sup \ , 0, 

re(o,i) (1 + logi)2 

that is, Mfc in L"^'^'-^ = exp L^. □ 

Lemma 3.5. Assume that Uk G Hq{Q), ||Vufc||2 < 1, and \\uk\\expL'2 7^ 0. 
Then, for a renumbered subsequence, there exists a sequence jk G N, Cfc ^ 
such that for every e > there exits p > such that 

jf'\A^kUk{Ck)\>e. (3.5) 

Proof. Since Uk does not converge to zero in expL^, by Lemma [3.4[ there is 
a renumbered subsequence such that, for any e > 0, the measure of the sets 

Mt = {zEB: jf'ulir^^) > 2e} (3.6) 

is bounded away from zero. Since u* is a decreasing function, there exists 

_ 1 

p > such that j^, ^'Ufc(r) > 2e for all r < fp'^. This immediately implies that 

\Mk\ > 7^p2^^ where Mk = {z e Q : 3k^\uk{z)\ > 2e}. (3.7) 

Let us now use a well-known inequality (see e.g. inequality (4) in [16]) that 
holds for every u G Hq{B): 

\\ArU-u\\2<Cr\\Vu\\2. (3.8) 
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In particular, we have 

[ \Ar,Uk - Uk\^ < Crl (3.9) 

which, combined with (13. 7p . gives 

Crl > inf \ArM^) - Mz)\^ (3.10) 

from which we conclude that there exists a sequence (k ^ Mk, such that 

j-'^\ArMCk)\ > 2e - Cj-;^-^ > e, (3.11) 
from which the asserion of the lemma is immediate once we choose = 

Proof of Theorem \2.(A Assume that there exists a sequence Uk € Hl{VL), 
Uk 0, which does not converge to zero in expL^. Then let p > 0, jk and 
(k be as in Lemma [3.51 

Let us fix e > and evaluate the measure of the sets 

Nk = {zeB: \g,^^^^A^,Uk{z)\>e/2}. 
_ j_ 

Applying Lemma 13.31 with w = '^Uk, r = fP*= and z' = (k, we have from 
(E2D and [331 for all z e B such that 1^ - Cfc| < P^^S 

jf^\A^,,Uk{z)\ > e - Cp^' > e/2, (3.12) 

for all k sufficiently large. Then, from the definition of the set Nk above and 
the definition of gj^^ in (I2.15p . it follows that the set Nk contains the ball 

that is, Nk D BpS. 

We conclude that gj^^Zk^pJkUk does not converge to zero in measure, and 
thus, Ap3k Uk does not converge to zero D- weakly. Then by Lemma 13. 2[ Uk 
does not converge to zero D-weakly, which contradicts the assumption of the 
theorem. □ 

Proof of Theorem \1.1\ Since Moser functional is lower weakly 
semicontinuous by Fatou lemma, and since it is known that it lacks weak 
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continuity on the unit ball of Hq{B) only at zero, we may assume without 
loss of generality that Uk G H^^fl) is such that ||VMfc||2 < 1, ^ and 
lim J(Mfc) > J(0) = 0. Consider a renumbered subsequence of Uk satisfying 
f l2.20p and recall that the remainder there converges to zero in exp by 
Theorem 12.61 Then, leaving details of separating supports to the reader, we 

JK) = ^j(4")) + o(i). 

neN 

where 

Note that since the argument of J converges weakly to zero and 
||Vw^"^||2 = II V'u;*^"')||2, one has J{v^if^) — t- whenever ||Vw''"'*||2 < 1- By 
assumption, lim J{uk) > 0, which implies that for at least one value of n, 
||Vu;^"''||2 > 1- Without loss of generality assume that this value of n is 1. 
Comparing this with fl2.19p . we conclude that u;^"-* = whenever n > 1. 
Therefore 

(1) , 

with Wfc and in particular, Uk vanishes in expL^. 

Note now, that since Uk 0, one has (wfc,!'^^'') — j- 0, and, consequently, 

1 > limsup ||VMfc||2 = lim sup || Vw^,"^'' + Vco'fc||2 = 1 + limsup || Vu;fc||2- 

Therefore Wfc — )■ in Z/^. 

If w^^^ is not a Moser function, then by Proposition 13. 6[ J^v^!'^) — t- 0. 
A slight modification of the proof of Proposition 13.61 gives also J{uk) 0, 
which is a contradiction. Consequently, using fl3.19p . we have Uk — rris^ — )■ 
in with some sequence Sk 0, which proves the theorem. □ 

Appendix A. Optimal imbeddings of Sobolev 
spaces into Lorentz-Zygmund spaces 

Let / : — t- M be a measurable function. The distribution function a f and 
a nonincreasing rearrangement /* of / are defined as follows: 

aj{s) = \{x G M^; |/(x)| > s}\ and f*{t) = mi{s > 0; a/(s) < t}. 
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Lorentz-Zygmund spaces L^'*?'", introduced by Bennett and Rudnick [S], is 
a family of spaces that contains the both the Lorentz spaces L^'^;" = L^'? 
and the Zygmund spaces = Z". They are defined as spaces of all 

measurable functions on a unit ball with bounded quasinorms 



For the purpose of this paper we consider the range p G (1, oo). The definition 
of the Lorentz space L^^'^CR^) is the same as the definition of L^'^'O above 
with the domain of integration t G (0, oo) instead of t = (0, 1). 

Lorentz space L^''^ is equivalent to the Lebesgue space L^, and Lorentz 
space L^'°° is equivalent to the Marcinkiewicz space M^, aslo known as the 
weak-L*" space. Lorentz-Zygmund space is equivalent to the Orlicz 

space exp of the Moser functional. 

For more background material on Lorentz and Lorentz-Zygmund spaces 
we refer the reader to Bennett and Sharpley [6] and Bennett and Rudnick 



The reason why the domain of the functions considered here is a unit 
ball, rather than M^, lies in the role of Lorentz-Zygmund spaces in the 
imbeddings of Sobolev spaces with the gradient norm. Completion D^'^(R^) 
of the normed space C^(M^) equipped with the norm ||Vu||Ar on does not 
admit a continuous imbedding even into the space of distributions, which 
means that the space V^'^[M.^) cannot be consistently defined as a function 
space. On the other hand, Friedrichs' inequality gives that the completion 
of C^{B) in the same gradient norm HVmIIat is continuously imbedded 
into L^{B), defining the space W^'^{B) with the equivalent Sobolev norm 
II Vm 1 1 AT. It should be also noted that || VmHat also expresses the gradient norm 
of the Laplace-Beltrami operator on the hyperbolic space when written 
under the coordinate map of Poincare ball, which allows to understand the 
"Euclidean" Sobolev space Wq'^{B) of the unit ball in is isometric to the 
Sobolev space W^'^ (M^) of a complete non-compact Riemannian manifold, 
giving the unit ball in when p = N a.n intuitively equal standing, when 
Sobolev spaces are concerned, with the whole when p < N. 

In fact, the similarities betwen T'^'P(M^) for N > p, and Wq''^{B), 
equipped with the gradient norm, are quite extensive. In particular, while the 




(3.13) 




sup t^ilog^-rnt) ,g = oo. 



iG{0,l) 



0. 
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norm T)^'P(R^) remains invariant under dilations u i— )■ t p u(t-) also in the 
case p = N (even if ©^'^(M^) is no longer a functional space), the subspace 
of radial functions of Wq'^{B) admits a different isometry group fl3.18p of 
nonlinear dilations. There are also similarities in imbeddings of Sobolev type 
into rearrangement-invariant spaces. While the standard limiting Sobolev 
inquality and the Trudinger-Moser inequality are quite different in apperance, 
this difference finds its explanation when one considers imbeddings of Sobolev 
spaces into the scales of correspondent Lorentz or Lorentz-Zygmund spaces. 

We observe first that there is a continuous imbedding of D^'^(M^), N > p, 
into LP*'P, which is immediate from the Hardy inequality for u*, combined 
with the Polia-Szego inequality. The analogous imbedding for p = is 
Wq'^{B) 7- based on the inequality of Hardy type 

Jb Jb (rlogi) 

(see Adimurthi and Sandeep [3] and Adimurthi and Sekar [2]; in the case 
= 2 it was proved first by Leray [TT]). 

Second, we note that there is a continuous imbedding P^'P(]R^) > L^''°°, 
N > p, which is nothing but a pointwise estimate for radial functions (see 
e.g. Strauss pT] ) 

JV-p 

r~\u{r)\<C\\Vu\\p, (3.14) 

combined with the Polia-Szego inequality to include the non-radial functions. 
This is parallelled by the pointwise estimate f l3.20p for radial functions (see 
e.g. [13]) for p = N, combined with the Polia-Szego inequality, which gives 
the continuous imbedding Wq'^ (B) ^ 2^oo,oo;-i/7v'_ 

Finally, using the Holder inequality we can interpolate between the 
estimates, arriving at pi'P(M^) ^ LP''i, p < q < oo ioT N > p and the 
analogous imbedding Wq^{B) L'^^^'-^Ii-^I^' ioi p < q < oo ioi p = N . 

The smallest of the target spaces correspons to g = p in both cases, 
and, moreover, these imbeddings are optimal in the class of rearrangement- 
invariant spaces (see [6] for the definition), shown by Peetre [Hj in the case 
N > p and by Brezis and Wainger [7] in the case p = N. 

It is elementary to see that the Sobolev imbedding and the Trudinger- 
Moser imbedding are optimal in the class of Orlicz spaces, by showing that 
one cannot replace the correspondent nonlinearity by any other with a faster 
growth. Indeed, if h{s) is any continous non- decreasing unbounded function 
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on [0, oo), then 

sup /iduDe^^l^l'^'dx = +00, 

wGVKo'^(-B),||V«||jv<l 

and 

sup / dx = +00. 

«Gr>i'P(K^),||VM||p<i Jq 

In the case N > p this can be immediately seen by evaluating the 

N ~2 

functional on t^~uo{tx) with t > and uq ^ 0. In the case p = N, one 
arrives at the similar conclusion by evaluation of the functional on the Moser 
family of functions f ll.3p normalized in the norm 

Appendix B. Moser functional in the radial 

case 

In this appendix we list some basic properties of Moser functional on the 
radial subspace Wq^{B) of Wq'^{B). In particular we show that, in 
restriction to radial functions, it is weakly continuous on any sequence, that 
is not, asymptotically, a sequence of concentrating Moser functions. This 
conclusion can be inferred from the original paper by Moser [13], while the 
notations we use here are brought from the paper [1]. The calculations 
involved in this proof also allow to present the original Moser's proof of 
the Trudinger-Moser inequality in a concise and streamlined form. 

Let rrit, t G (0, 1), be the family of Moser functions 01. Sp and consider the 
following functional on Wq'^^ (B): 

{m;,u) =^ / \Vmt\^-^Vmt ■ Vudx, t G (0,1). (3.15) 

J B 

An elementary computation shows that the functional mj' is continuous 
and 

{ml u) = coli'^Ml/tr'^''' u{t), t e (0,1). (3.16) 

Proposition 3.6. Let Uk G Wl'j^ {B), \\Vuk\\N ^ ^, Uk ^ u and let J he the 
Moser functional (II. 2p . Then J{uk) — J{u), unless the sequence Uk has a 
renamed subsequence such that Uk — Ht,^ ^ in Wq^^{B), with tfc — )■ 0. 
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Proof. Let us substitute fl3.16p into the definition of Moser functional. After 
elementary simplifications one arrives the following representation. 

where u G Wq'^ (B) and HVmHat = 1. Assume first that there exists e > 
such that {ml,Uk)^ < 1 — e. Then J{uk) — > J{u) by the Lebesgue dominated 
convergence theorem. The remaining case is when for some tk G (0,1), 
Uk — fitk — in Wq'^{B). Assume first that the weak limit u is not 
zero. Then, necessarily, — )■ fit in Wq^{B) for some t G (0,1). This 
implies the uniform convergence of Uk on [t, 1] as well as J^^ {Vukl^ dx — )■ 0, 
from which easily follows J{uk) — )■ Jifit)- If Uk = jJitf, + o(l) ^ with 
tfc — 1, an argument repetitive of that for the case Uk fit above will 
give J{uk) — J- = J(n). We have, therefore, with necessity, a renamed 
subsequence Uk = fit^ + ^(1) with — 0. □ 

Let 

h,u{r) s~^/^'M(r^), s > 0,M G W^f{B), (3.18) 

Elementary calculations show that the operators f lS.lSp form a 
multiplicative group of linear isometries on Wq'^{B). Furthermore, for every 
s > and t G (0, 1), 

hsTTit = m^i/s. (3.19) 
We also note a well-known radial estimate: for each u G Wq'^{B), 

sup |«(r)|(log(l/r)"i/^' < u~'!^\\Vu\\^. (3.20) 

re(0,l) 

Moser's proof of (11.11 ) 

Preliminary calculations above and Proposition 13.61 make possible to render 
the Moser's proof of (11.11) on few lines, which we include for the sake of 
completeness of the presentation. 

Let Uk be a radial maximizing sequence (existence of such follows from the 
standard rearrangement argument), and assume without loss of generality 
that Uk u. If J{uk) — J{u), then u is the point of maximum and the 
inequality is verified. By Proposition 13.61 it suffices now to verify that the 
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Moser functional remains bounded when Uk = fit^ + ^(1) ^ and tk — )■ 0. let 
us divide the integration domain for the Moser functional into the intervals 
[0,tk] and From fl3.20p it follows that the integrand is uniformly 

bounded on the interval [tk, !]• For the values r e [0,tfc], the corresponding 

Moser functions have constant values = ^n-i (logi)^, and the 

uniform bound on the integral follows from substitution of the radial estimate 

fl3.20p for Uk — fitk into the integral and the change of variable x = ■ □ 
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